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Robust Finance and Martingale Optimal Transport

Finitely many time steps T = {1,..., n}, underlying S = (S¢)teT and
derivative ®. (Ggy)ac.4 family of derivatives with (market) prices (pa)acA-

P = inf K, [(Si, .... Sp)]
~ martingale measure,
Vo Eqy [Ga(S)]=pa

ol
I

sup E’Y [(b(S]_, ) Sn)]
~ martingale measure,
Vo Eqy [Ga(S)]=pa
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derivative ®. (Ggy)ac.4 family of derivatives with (market) prices (pa)acA-

P = inf K, [(Si, .... Sp)]
~ martingale measure,
Vo Eqy [Ga(S)]=pa

P = sup E, [®(51, ..., Sn)]
~ martingale measure,
Vo Eqy [Ga(S)]=pa

Assumption: (G, )ac4 is the family of all call-options for some strike
K € R and maturity t € T.
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Vo Eqy [Ga(S)]=pa

P = sup E, [®(51, ..., Sn)]

~ martingale measure,
Vo Eqy [Ga(S)]=pa

Assumption: (G, )ac4 is the family of all call-options for some strike
K € R and maturity t € T.

Lemma (Breeden-Litzenberger)

The expectation values of (S; — K)™ for K € R determine the marginal
distribution of S;.
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The Peacock Problem
Let T =10,1] and (ut)te7 be a family of probability measures on R.

Definition
The family (p¢)¢e is called a peacock? if t — [ ¢ dp; is increasing for
all convex functions ¢ : R — R.

“Derived from PCOC = Processus Croissant pour I'Ordre Convexe.
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The Peacock Problem
Let T =10,1] and (ut)te7 be a family of probability measures on R.
Definition

The family (p¢)¢e is called a peacock? if t — [ ¢ dp; is increasing for
all convex functions ¢ : R — R.

“Derived from PCOC = Processus Croissant pour I'Ordre Convexe.

Theorem (Kellerer)

There exists a (cadlag) martingale with one-dimensional marginals (jit)eT
if and only if (pu¢)teT is a (right-continuous) peacock.

The peacock problem is to construct a martingale that has the
prescribed one-dimensional marginals as explicitly as possible.
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The Peacock Problem
Let T =10,1] and (ut)te7 be a family of probability measures on R.
Definition

The family (p¢)¢e is called a peacock? if t — [ ¢ dp; is increasing for
all convex functions ¢ : R — R.

“Derived from PCOC = Processus Croissant pour I'Ordre Convexe.

Theorem (Kellerer)

There exists a (cadlag) martingale with one-dimensional marginals (jit)eT
if and only if (pu¢)teT is a (right-continuous) peacock.

v

The peacock problem is to construct a martingale that has the
prescribed one-dimensional marginals as explicitly as possible.

» Hirsch-Profeta-Roynette-Yor ['11], Lowther ['08], Hobson ['17], ...
» Henry-Labordere-Tan-Touzi ['16] and Juillet ['18]
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An MOT Approach to the Peacock Problem

Choose a sequence (Rp)nen of finitely many time points in T.

» Henry-Labordere, Tan, Touzi and Juillet
Construct a sequence (m,)nen of discrete time martingal couplings by
joining the Left-Curtain couplings of two consecutive marginals:
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An MOT Approach to the Peacock Problem

Choose a sequence (Rp)nen of finitely many time points in T.

» Henry-Labordere, Tan, Touzi and Juillet
Construct a sequence (m,)nen of discrete time martingal couplings by
joining the Left-Curtain couplings of two consecutive marginals:

L 1 L L L 1
T T T 1

Ho e, g T Ry My 7 H

» Our Approach
Construct a sequence (7,)nen of discrete time martingal couplings by
extending the Left-Curtain Coupling over all marginals:
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Construct a sequence (7,)nen of discrete time martingal couplings by
joining the Left-Curtain couplings of two consecutive marginals:

7 minimizes E. [c(Sk, Sk+1)] simult. VO < k < n—1

among all martingale couplings of pig, fit,, ..., f1

» Our Approach
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Construct a sequence (7,)nen of discrete time martingal couplings by
joining the Left-Curtain couplings of two consecutive marginals:

7 minimizes E. [c(Sk, Sk+1)] simult. VO < k < n—1

among all martingale couplings of pig, fit,, ..., f1

» Our Approach
Construct a sequence (7,)pen of discrete time martingal couplings by
extending the Left-Curtain Coupling over all marginals:

mn minimizes B [c(So, Sk11)] simult. VO < k <n—1

among all martingale couplings of jig, ftt,, ..., }11
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An MOT Approach to the Peacock Problem

Choose a sequence (Rp)nen of finitely many time points in T.

» Henry-Labordere, Tan, Touzi and Juillet
Construct a sequence (7,)nen of discrete time martingal couplings by
joining the Left-Curtain couplings of two consecutive marginals:

7 minimizes E. [c(Sk, Sk+1)] simult. VO < k < n—1

among all martingale couplings of pig, fit,, ..., f1

» Our Approach
Construct a sequence (7,)pen of discrete time martingal couplings by
extending the Left-Curtain Coupling over all marginals:

mn minimizes B [c(So, Sk11)] simult. VO < k <n—1

among all martingale couplings of jig, ftt,, ..., }11

(c.f. Nutz-Stebegg-Tan ['17], Beiglbdck-Cox-Huesmann ['17])
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The Left-Curtain Coupling

Let o, 11 be two probability measures on R with pg <. p1 and
po({x}) =0 for all x € R.

Martin Briickerhoff-Pliickelmann A Left-Mon. Sol. to the PCOC Problem 07.09.2018 5/17
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Let o, 11 be two probability measures on R with pg <. p1 and
po({x}) =0 for all x € R.

The left-curtain coupling is the unique martingale coupling 7 of ug and u1
that satisfies the following equivalent properties:
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The Left-Curtain Coupling

Let o, 11 be two probability measures on R with pg <. p1 and
po({x}) =0 for all x € R.

The left-curtain coupling is the unique martingale coupling 7 of ug and u1
that satisfies the following equivalent properties:

(i) For all ¢ € C?(R?) with 9y, c < 0 (SMCF) it holds
Ex[c(X,Y)] = inf {Ey[c(X, Y)] : v mart. cpl. of g and p1}.

(Exmaples: (y — x)3, e *y2, ...)
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The Left-Curtain Coupling

Let o, 11 be two probability measures on R with pg <. p1 and
po({x}) =0 for all x € R.

The left-curtain coupling is the unique martingale coupling 7 of ug and u1
that satisfies the following equivalent properties:

(i) For all ¢ € C?(R?) with 9y, c < 0 (SMCF) it holds
Ex[c(X,Y)] = inf {Ey[c(X, Y)] : v mart. cpl. of g and p1}.

(Exmaples: (y — x)3, e *y2, ...)
(ii) For all a € R it holds

m(X <aYe-)=8"(1o(~0,q)

i.e. (X < a,Y € ) is 'the most concentrated submeasure of y; that
is in convex order greater than fig|(—co|a)’
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The Shadow of v in
Let i and v be finite Borel measures on R.

> convex order: v <. p if [ odp < [ @ dv for all convex .
> positive order: v <, p if [ odp < [ pdv forall ¢ > 0.
> conv.-pos. order: v <. | puif ngod,u < Jgpdv for all conv. ¢ > 0.
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The Shadow of v in
Let i and v be finite Borel measures on R.

> convex order: v <. p if [ odp < [ @ dv for all convex .
> positive order: v <, p if [ odp < [ pdv forall ¢ > 0.
> conv.-pos. order: v <., pif [podu < [pdv forall conv. ¢ > 0.

Definition

Let v <.+ p. The shadow of v in y is the unique measure 7 that satisfies
(i) v <cm <4 p and

(i) for all o’ with v <. n’ <4 u holds n <. 7.

It is denoted by SH(v).
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The Shadow of v in
Let i and v be finite Borel measures on R.

> convex order: v <. p if [ odp < [ @ dv for all convex .
> positive order: v <, p if [ odp < [ pdv forall ¢ > 0.
> conv.-pos. order: v <. | puif ngod,u < Jgpdv for all conv. ¢ > 0.

Definition

Let v <.+ p. The shadow of v in y is the unique measure 7 that satisfies
(i) v <cm <4 p and

(i) for all o’ with v <. n’ <4 u holds n <. 7.

It is denoted by SH(v).

Example: po = Unif[_y 1}, p1 = Unif[_5 2], ¥ = po|(=o0,a])

40 1 2 1 o0 1 2
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(Generalized) Shadow

Definition
Let (1t)eeT be a peacock and v < i for all t € T. The (generalized)
shadow of v in (ut)teT is defined as

Csup {SHm(SFm-1( ... S*1(v))) [n €N, r,...,rn € T}.

It is denoted by ST (1),
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(Generalized) Shadow

Definition

Let (1t)eeT be a peacock and v < i for all t € T. The (generalized)
shadow of v in (u¢)teT is defined as

Csup {SHm(SFm-1( ... S*1(v))) [n €N, r,...,rn € T}.

It is denoted by ST (1),

Theorem

Let (pu¢)teT be a peacock, v <.y u for all t € T and suppose that T has
a maximal element tpax. It holds

SWeet (1) = Cinf {9y, | I(Me)eeTVs < t 1 v <c s <c e <o i}

Moreover, the infimum is attained, i.e. we have SWeT (V) < g .
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Example of a Shadow

Define (41t)¢eo,1) and (Mé)te[O,ll as

Unif[_Ll] 5 t < 03
pie = Unif[_, 4 = %Unif[_%,_%] + %Unif[%’%l ,t €[0.3,0.6)
Unif[_272] , t > 0.6

and v = ,uo|(_oo,0] = %Unif[_l,o].

A ik
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Example of a Shadow

Define (11t)tefo,1) and (143)eefo,1] as

Unif[_l’l] 5 t< 0.3
pe = Unif[_, 4 pe = 4 3Unifi_s 1y + 3Unif 5t €[0.3,0.6)
Unif[_2’2] , b > 0.6

and v = Ho|(—o0,0] = %Unif[,LO].
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First Result: Existence

Theorem

Let (11t)ecfo,1) be a right-continuous peacock with po({x}) = 0 for all

x € R. There exists a solution m to the corresponding peacock problem
with the following two properties:
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First Result: Existence

Theorem

Let (11t)ecfo,1) be a right-continuous peacock with po({x}) = 0 for all

x € R. There exists a solution m to the corresponding peacock problem
with the following two properties:

(i) 7 is a simultaneous minimizer for all SMCF c, i.e. it holds

Er [c(So, St)] = inf {E, [c(So, S¢)] : v solution}

for all ¢ satisfying integrability conditions and all t € [0,1].
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First Result: Existence

Theorem

Let (11t)ecfo,1) be a right-continuous peacock with po({x}) = 0 for all

x € R. There exists a solution m to the corresponding peacock problem
with the following two properties:

(i) 7 is a simultaneous minimizer for all SMCF c, i.e. it holds

Er [c(So, St)] = inf {E, [c(So, S¢)] : v solution}

for all ¢ satisfying integrability conditions and all t € [0,1].
(i) 7 is left-monotone, i.e. it holds

Lawr(So < a,S¢ € -) = SW)seoti (1 _ o 1)

for alla€ R and t € [0,1].
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Sketch of Proof: Existence
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Sketch of Proof: Existence

Lemma

The Theorem is true if (fit)¢cfo,1) consists of at most finitely many
different measures.
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Sketch of Proof: Existence

Lemma

The Theorem is true if (fit)¢cfo,1) consists of at most finitely many
different measures.

» Take a suitable approximation of [0, 1] by finitely many timepoints
and construct the peacock (4f)¢efo,1)-
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Lemma

The Theorem is true if (fit)¢cfo,1) consists of at most finitely many
different measures.

» Take a suitable approximation of [0, 1] by finitely many timepoints
and construct the peacock (4f)¢efo,1)-

> We get sequence (7,)nen of solutions corresponding to (14f)¢c(o,1]
satisfying (i) and (if) w.r.t. (uf)eeqo,1)-
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Sketch of Proof: Existence

Lemma

The Theorem is true if (fit)¢cfo,1) consists of at most finitely many
different measures.

» Take a suitable approximation of [0, 1] by finitely many timepoints
and construct the peacock (4f)¢efo,1)-

> We get sequence (7,)nen of solutions corresponding to (14f)¢c(o,1]
satisfying (i) and (ii) w.r.t. (uf)eeqo,1]-

» There exists a convergent subsequence and the limit is a solution
corresponding to (fit)¢e[o,1) (similar to Beiglock-Huesmann-Stebegg

['16]).
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Sketch of Proof: Existence

Lemma

The Theorem is true if (fit)¢cfo,1) consists of at most finitely many
different measures.

» Take a suitable approximation of [0, 1] by finitely many timepoints
and construct the peacock (4f)¢efo,1)-

> We get sequence (7,)nen of solutions corresponding to (14f)¢c(o,1]
satisfying (i) and (ii) w.r.t. (uf)eeqo,1]-

» There exists a convergent subsequence and the limit is a solution
corresponding to (fit)¢e[o,1) (similar to Beiglock-Huesmann-Stebegg

['16]).

» The properties are (i) and (ii) are stable under this topology.
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Second Result: Equivalence

Theorem

Let (11t)ecfo,1) be a right-continuous peacock with po({x}) = 0 for all

x € R. For all solutions m to the corresponding peacock problem the
following two properties are equivalent:

(i) 7 is a simultaneous minimizer for all SMCF c, i.e. it holds

Er [c(So, St)] = inf {Ey [c(So, St)] - v € Mm((e)eeo,ny) }

for all ¢ satisfying appropriate conditions and all t € [0, 1].
(ii) = is left-monotone, i.e. it holds

Lawz(So < a,5¢ € ) = SH)+<01 (g oo o)

for alla€ R and t € [0,1].

Martin Briickerhoff-Pliickelmann

A Left-Mon. Sol. to the PCOC Problem

07.09.2018

11 /17



Sketch of Proof: Equivalence |
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Sketch of Proof: Equivalence |

» The potential function of a finite measure px on R with finite first
moment is defined as U(x) = [; [y — x| du(y) and characterizes
uniquely.
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Sketch of Proof: Equivalence |

» The potential function of a finite measure px on R with finite first
moment is defined as U(x) = [; [y — x| du(y) and characterizes
uniquely.

» Assume 7 satisfies (/). The potential function of the measure
Law(So < a,S; € -) satisfies
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Sketch of Proof: Equivalence |

» The potential function of a finite measure px on R with finite first
moment is defined as U(x) = [; [y — x| du(y) and characterizes
uniquely.

» Assume 7 satisfies (/). The potential function of the measure
Law(So < a,S; € -) satisfies

Ux) = Ex[|St — x|l—o0,5(50)]
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Sketch of Proof: Equivalence |

» The potential function of a finite measure px on R with finite first
moment is defined as U(x) = [; [y — x| du(y) and characterizes
uniquely.

» Assume 7 satisfies (/). The potential function of the measure
Law(So < a,S; € -) satisfies

Ux) = Ex [|St = x|l—o0,a(S0)]
= !L%]EW[CE(S()?St)]
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Martin Briickerhoff-Pliickelmann A Left-Mon. Sol. to the PCOC Problem



Sketch of Proof: Equivalence |

> The potential function of a finite measure  on R with finite first
moment is defined as U(x) = [; [y — x| du(y) and characterizes
uniquely.

» Assume 7 satisfies (/). The potential function of the measure
Law(So < a,S; € -) satisfies

Ux) = Er[|St — xll—c0,4(S0)]
= lim Ex [ee(So, S0
= Iir’%inf {E, [c(S0, S¢)] : v solution}
E—
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Sketch of Proof: Equivalence |

> The potential function of a finite measure  on R with finite first
moment is defined as U(x) = [; [y — x| du(y) and characterizes
uniquely.

» Assume 7 satisfies (/). The potential function of the measure
Law(So < a,S; € -) satisfies

Ux) = Er St — x|l—oc,2(S0)]
= lim Ex [e(So, S0)]
= Iimoinf {E, [c=(S0, St)] : v solution}
E—
= inf{E, [|S: — X|/(_oo,a](50)] : 7 solution}
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Sketch of Proof: Equivalence |

> The potential function of a finite measure  on R with finite first
moment is defined as U(x) = [; [y — x| du(y) and characterizes
uniquely.

» Assume 7 satisfies (/). The potential function of the measure
Law(So < a,S; € -) satisfies

Ux) = Er St — x|l—oc,2(S0)]
= lim Ex [e(So, S0)]
= Iir’%inf {E, [c=(S0, St)] : v solution}
E—
= inf{E, [|S: — X|/(_oo,a](50)] : 7 solution}

and this is the potential function of S(“s)seloﬂl(um(,oo,a]).
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Sketch of Proof: Equivalence Il

» Assume 7 satisfies (if).
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Sketch of Proof: Equivalence Il

» Assume 7 satisfies (if).

» There exists a solution 7’ that satisfies properties (i) and (ii).
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Sketch of Proof: Equivalence Il

» Assume 7 satisfies (if).

> There exists a solution 7’ that satisfies properties (i) and (if).
For all 2 € R and t € [0, 1] we have

m(So<a,Seer) = SWedsend(ug o 4)
= T('/(S() < a, St € )
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Sketch of Proof: Equivalence Il

» Assume 7 satisfies (if).

> There exists a solution 7’ that satisfies properties (i) and (if).
For all 2 € R and t € [0, 1] we have

m(So<a,Seer) = SWedsend(ug o 4)
= T('/(S() < a, St € )

» Thus Law,(So, S¢t) = Law,(So, St)
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Sketch of Proof: Equivalence Il

» Assume 7 satisfies (if).

> There exists a solution 7’ that satisfies properties (i) and (if).
For all 2 € R and t € [0, 1] we have

m(So<aSier) = Sdeod(ug o)
= 7T/(50 < a, St € )

» Thus Law,(So, S¢t) = Law,(So, St) and

Eﬂ'[c(sﬂa St)] = Ew’[c(507 St)]
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Sketch of Proof: Equivalence Il

» Assume 7 satisfies (if).

> There exists a solution 7’ that satisfies properties (i) and (if).
For all a € R and t € [0, 1] we have

m(So<aSier) = Sdeod(ug o)
= 7T/(S() < a, St € )

» Thus Law,(So, S¢t) = Law,(So, St) and

Eﬂ'[c(sﬂa St)] = Ew’[c(507 st)]
= inf {E,[c(So, S¢)] : v solution}

for all SMCF ¢ and t € [0, 1].
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Non-Obstructing Marginals

Definition

A peacock (pit)¢e[o,1] is called non-obstructed if

SUs<0 () (—o,a1) = " (H10](~o0,01)

for all t € [0,1] and a € R.
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Non-Obstructing Marginals

Definition

A peacock (it)¢e[o,1) is called non-obstructed if

S(/—LS)SE[OJ] (/Vl,0|(_oo’a]) =S (H0|(—oo,a])

for all t € [0,1] and a € R.

Theorem

Let (pt)tefo,1) be a non-obstructed right-continuous peacock. There exists
a unique /eft-monotone solution to the corresponding peacock problem
and (So, St)tefo,1] is @ Markov process under .
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Non-Obstructing Marginals

Lemma

Let (pt)teo,1) be a right-continuous peacock with po({x}) = 0 for all

x € R. If there exists a family of intervals (E¢)¢c[o,1) in R such that
(i) supp(pe) C E¢ and

(ii) supp((pu — pe) ™) C Ef

for all t < u in [0, 1], then (f1t)¢c[0,1) iS non-obstructed.
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Comparison
Let /,I/t = Unif[_tt].

Figure: Two sample paths of the left-monotone martingale measure (left) and the
limit-curtain martingale measure (right).
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Thank you for your attention!

Martin Briickerhoff-Pliickelmann A Left-Mon. Sol. to the PCOC Problem



